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This article deals with the optimal short-term scheduling of multistage batch plants
with parallel units and sequence-dependent changeovers, together with the optimal
selection of the number and size of batches to be produced. A new resource-task net-
work-based, multiple time-grid continuous-time formulation is proposed that explicitly
considers a virtual, shared, intermediate storage unit per stage to keep track of mate-
rial transfer between processing units belonging to consecutive stages of production.
Adequate material transfer is implicitly ensured through mass balances and timing
constraints relating the times of event points of dissimilar grids. The new formulation
is compared with a conceptually different approach from another research group. The
results for several example problems show that the new formulation is tighter, typically
requiring fewer event points to find the global optimal solution, and is significantly
more efficient computationally. The results also show that for single batch problems
other approaches are preferable. © 2009 American Institute of Chemical Engineers AIChE
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Introduction

Scheduling in the process industry has received consider-
able attention during the last 15 years and extensive reviews
can be found in the literature.' Because of the great variety
of aspects that need to be taken into consideration, many
approaches have been proposed to handle specific problem
types. However, the main developments have resulted from
more general approaches that can effectively handle a large
number of problem features. Important landmarks are the
unified frameworks for process representation, i.e., state-task
networks* (STN) and resource-task networks (RTN).5 Sched-
uling models are first characterized by the representation of
time, be it discrete or continuous. Discrete-time models*’
divide the time horizon into a fixed number of equal length
intervals and can sometimes be a good option. However,

Correspondence concerning this article should be addressed to P. M. Castro at
pedro.castro@ineti.pt

© 2009 American Institute of Chemical Engineers

2122 August 2009

mathematical modeling,

mixed integer programming,

most of the times, the characteristics of the problem compels
us to employ a continuous-time model, which can be either
time grid(Hz or sequence based.'*!?

Nowadays, it is clear that single time-grid, continuous-time
models based on unified frameworks®!" are the most general
for batch plants, since they can consider resource constraints
other than equipment, together with various storage policies
and multiple batches of a product where batch mixing/split-
ting is allowed. The one by Castro et al.? can even handle
continuous processing tasks. However, it is also true that they
are not usually the most efficient for some classes of prob-
lems. Recent detailed computational studies have shown that
multiple time-grid (also known as unit-specific) formulations
can be orders of magnitude faster in problems arising from
multipurpose batch plants'*'® and also from multistage multi-
product batch plants,”’18 both under an unlimited intermedi-
ate storage policy. These studies have also shown that, even
for the same class of problems, there is no single best
approach and that the most effective strategy seems to be the
use of a set of competitive models in parallel.
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Traditional approaches for multistage multiproduct batch
plants'*™'>'7"1 consider that the number and size of batches
is known a priori.” This information may come from a pro-
cedure that works with the customer orders like the first step
of the approach proposed by Gupta and Karimi®' for the
scheduling of a two-stage batch plant with intermediate stor-
age. Different batches of the same product are treated as dis-
tinct entities that maintain their identity throughout the proc-
essing stages similarly to batches belonging to different
products. Hence, they can be viewed as multiproduct single
batch approaches. Decoupling batching from scheduling
decisions may not be an easy task in processes with parallel
units of dissimilar capalcities.22 Furthermore, it often leads to
suboptimal solutions since one cannot take advantage of
batch mixing/splitting to capitalize on the different capacities
from one stage to the next.

Maravelias and coworkers®’** have shown that consider-
ing batching and scheduling simultaneously yields better sol-
utions than those obtained by existing two-stage methods.
Their formulations are sequence based and can be viewed as
explicit batching approaches, since there are binary variables
that identify whether a particular batch of a certain order has
been selected. They were first proposed20 with global prece-
dence 5-index sequencing variables in problems involving
fixed processing times and were later”> extended to cases
with sequence-dependent changeover costs, through the use
of immediate precedence sequencing variables, involving
task durations that are batch size dependent.

A conceptually different type of explicit batching
approach has been proposed by Castro et al.> for single-
stage plants with fixed and equal batch sizes for dissimilar
batches of the same product. Aggregated processing and
changeover tasks were considered, each being characterized
by an integer variable that gives the number of batches of a
product to produce in a particular unit. It has been shown to
be significantly better than its implicit batching counterpart
that considers a single batch per task, mostly due to the need
of fewer event points to find the global optimal solution.

The number of event points required to find the global
optimal solution is indeed a very important performance in-
dicator for time grid/slot-based continuous-time formulations.
Studies'>'®!” have shown that unit-specific approaches need
fewer event points than single time-grid ones, which in prac-
tice is translated into the ability to tackle larger problems.
Finding the adequate number of event points is in fact a
challenge on its own, which is typically addressed by an iter-
ative procedure where a single increase normally leads to an
increase in computational effort of one order of magnitude.
Thus, evaluating the performance for an excessively high
number of event points'® may be misleading.

Unit-specific, single batch, multistage formulations like
the ones of Castro and Grossmann'’ and Liu and Karimi'®
are minimum event-point approaches24 because (i) each task
lasts a single time interval and (ii) there is no implicit rela-
tion between time points belonging to units of consecutive
stages when modeling material transfer. Although 4-index
binary variables are used in Ref. 18, since each unit is allo-
cated to a particular stage, it is sufficient to use 3-index vari-
ables to identify the execution of a product in a unit, at a
certain event point. The two models'™® differ mainly in the
location of event points, which can be either at the start'” or

AIChE Journal August 2009 Vol. 55, No. 8

Published on behalf of the AIChE

at the end of the time slot,'® with the latter being a better
option when release dates are not an issue. In problems involv-
ing multiple batches of a product, one needs to ensure not only
that the timing between consecutive stages is adequate but also
that there is enough intermediate in storage (and/or just finish-
ing production) to be consumed by the subsequent task to take
advantage of batch mixing and splitting. Both the multipurpose
formulation of Shaik and Floudas (SF)'? and the multistage
one of Castro and Novais® rely on relationships among time
points of dissimilar grids to efficiently model the mass balan-
ces. These have the effect of raising the number of event points
needed to find the optimal solution, less so for the latter
approach, which was found to be a better performer. Neverthe-
less, in single batch problems, the formulation of Castro and
Grossmann'’ was the best of the three.

Another relevant and more recent work was undertaken by
Erdirik-Dogan and Grossmann,” who have proposed a slot-
based formulation for multiproduct batch plants with
sequence-dependent changeovers. The work has been moti-
vated by a real world application where the main difficulty
is the handling of two-stage production with intermediate
storage. The model is classified as being multistage but the
network structure is more complex than the one assumed in
multistage models. More specifically, the equipment units
can be allocated to tasks belonging to both stages, a feature
normally associated to multipurpose plants. The proposed
model is quite complex and, for a certain time period, fea-
tures 4-index binary variables to determine if a slot of a cer-
tain unit is completed before a slot of another unit starts.
Big-M constraints are then used to relate the various slots
starting points. To overcome the fact that the model becomes
computationally expensive to solve, mainly because the
required number of time slots is not known a priori, an effi-
cient bilevel decomposition approach is proposed.

Although models with 3-index binary variables can address
multistage problems with sequence-dependent changeovers
simply by changing one set of constraints'> (when compared
with the case of no changeovers), it is also true that they
increase both in size due to the addition of one more time
index, and in complexity, due to the addition of a big-M
term. One valid alternative'? is to increase the number of bi-
nary variables through the definition of combined processing
and changeover tasks featuring an additional product index.
This approach, which has been shown to be competitive, has
the advantage of leading to tighter timing constraints since
the required changeovers are explicitly modeled.

This article proposes a new model based on 4-index bi-
nary variables for the short-term scheduling of multistage
batch plants with multiple product batches and sequence-
dependent changeovers. It uses insights from our previous
work on single batch problems' and on multiple batch prob-
lems without changeovers.24 When compared with the for-
mer, this conceptually new approach uses the same set of bi-
nary variables but their domain is significantly larger, which
will have a detrimental effect on computational performance.
The new formulation is thoroughly compared with those of
Castro et al.'"” and SF'? for the single batch case, through
the solution of seven example problems taken from the liter-
ature, and for three different objective functions: total cost,
total earliness, and makespan minimization. Three bench-
mark example problems are proposed to evaluate the
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Figure 1. Schematic of a multistage multiproduct batch plant.

performance of the multiple batch models. These are solved
for a couple of scenarios and objectives of revenue maximi-
zation and makespan minimization.

Problem Definition

Given a multistage, multiproduct plant with k € K process-
ing stages, i € I products, and m € M™® equipment units, the
goal is to determine the number and size of batches for each
product, the assignment of batches to units and the sequence
of batches in each unit so as to meet a certain objective. Proc-
essing times are specified by a constant «;,, plus a term f3;,,
that is proportional to the batch size Size;,,, which cannot
exceed a certain maximum value, Max_Size; ,,, with parameter
cl; 7. holding the sequence-dependent changeover times.

A particular equipment unit can handle all products
belonging to set /,, and is allocated to a single stage, with
set M, including those belonging to Stage k. Unlimited,
product dedicated intermediate storage, and unlimited wait
(UIS/UW) policieszf’ are assumed, while transfer times
between units are negligible. In general, multiple batches of
product i can be produced and a different number of batches
may be involved in dissimilar stages of production, i.e.,
batches can be split or mixed. As a special case, problems
with fixed batch sizes (and fixed processing times) involving
a single batch per product in every stage will be considered.
In such problems, the products release r; and due dates d;
are assumed to be known and are enforced as hard con-
straints.

Four alternative objective functions are tested. When max-
imizing revenue, the goal is to produce the most valuable
and less time-consuming products, while meeting their mini-
mum demands A,. The selling prices v; are given and the
time horizon H is fixed. For single batch problems, common
objectives also involving a fixed time horizon are as follows:
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total cost minimization, aiming to find the lowest possible
product-unit assignment cost (given by ¢;,,), and total earli-
ness minimization that targets to end production of every
product as close as possible to its due date. Finally, in make-
span minimization, the total production time for a given
product demand A; is minimized.

RTN process representation

The process representation of a generic multistage multi-
product plant is given in Figure 1 in the form of a RTN.
The plant resources (circles) consist of all equipment units
and material states. Products are numbered from 1 to /, with
I; representing the last element of the set. The processing
tasks, depicted as rectangles, identify the making of a prod-
uct in a unit. These range from M; to M. Resources and
tasks are represented within the confinement of the corre-
sponding stage. As an example, in Stage 2 (K,), product /;
can be processed in parallel processing units ranging from
My t0 Mys oy, with My giving the number of units
belonging to Stage 1. The corresponding tasks consume the
material resource (/{,K;) and produce (/,K>).

Review of Formulation of Shaik and Floudas

The scheduling formulation of SF'? can handle multistage
multiproduct problems as a special case of the generic multi-
purpose plant problem type. Basically, it is an updated ver-
sion of the earlier work of Ierapetritou and Floudas® that
now relies on the RTN instead of the STN process represen-
tation. We have recently’® adapted the nomenclature of
model SF to the multistage case and thoroughly compared
the formulation to two other conceptually different multiple
time-grid approaches, for problems without sequence-
dependent changeovers. Because in the presence of sequence-
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dependent changeovers only one set of constraints needs to be
changed,'” in the interest of space only the model’s most
important features will be highlighted.

The SF formulation uses 3-index binary variables N, ,,, to
identify the execution of product i in unit m at event point ¢,
with the amount produced being given by the continuous
extent variables ¢&;,,,. Excess resource variables R,,, keep
track of resource availability and are defined as binary,
although they might also be of the continuous type. Varia-
bles S;,,, are used to account for the material state of prod-
uct 7 in storage unit m at event point . Since we will be
defining one storage unit per intermediate stage, the index
m (m e M>" A m & M™®) is directly linked to index k and so
the tasks and resources used are those represented in Figure 1.
In terms of time representation, and even though the SF
model is commonly known as unit specific, it should be more
appropriately classified®* as task specific as it does not rely
on explicit time grids for the equipment units. Timing varia-
bles T3, , keep track of the starting time of product i in unit
m at event point r. Appropriate sequencing constraints relate
the absolute times of consecutive event points involving (i)
the same product in the same unit; (ii) different products in
the same unit; and (iii) the same product in different units
belonging to consecutive stages of production. In the pres-
ence of sequence-dependent changeovers, the second set of
constraints needs to be disaggregated over another time index
and big-M terms employed, as seen in Eq. 1, where the big-
M parameter is the time horizon, H.

S S
Ti,m,t > Ti’-,m,r’ + O‘l",ml\/vz"‘rn,t’ + ﬁi’,méiﬁm,t’

+ Cli’,i,mNi,m,r - H(l - Ni/,m,t’) -H Z Z Ni”.m,t”

"eT "€l »
<<t ’

VmeM™® t,l €Tt >1,i €lyi €lyp,i#i (1)

When compared with the constraint proposed by Liu and
Karimi,'® the additional time index (7') is required due to
one important conceptual difference. Although Liu and
Karimi’s'® model can enforce, without loss of generality, that
two consecutive tasks have no empty slots between them, in
the case of SF, intermediate unused slots are typically
required. Thus, Eq. 1 ensures that if product i is processed
in unit m at slot ¢ and product /' in the same unit at point
t' =t — 2, the starting time of i is greater than the ending
time of // plus the appropriate changeover time between i’ and
i if there is no product being processed at /' =t — 1.

Reformulation of Model by Castro et al. (CGN)

Castro et al.' proposed two continuous-time formulations
that are able to address the multistage multiproduct schedul-
ing problem, wherever a single batch of every product is
involved. Formulation CT4I is now revised and reformulated
to use one less event point24 and to reduce the integrality
gap. In the following, its most relevant features and modifi-
cations will be highlighted.

Combined processing and changeover tasks

The first aspect is that formulation CGN uses combined
processing and changeover tasks. Two product indices (i, i)
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are used to characterize such tasks with the first indicating
the product being produced and the second the one that fol-
lows. Its duration will then comprise both the processing
time of i and the required changeover between i and 7/, but
not the processing time of /. Figure 2 illustrates this aspect,
where it can be seen that the output material state, e.g.,
(11,K4), is produced at the end of the processing part of the
task, whereas the equipment resource where the task is exe-
cuted is made available only after its changeover part is
completed. In reality, the different material states are not
considered explicitly and this is why dotted circles are used
to highlight such resources. Instead, timing variables TD,,
are used to determine the transfer time of product i in Stage
k. They must be greater than the product ending time in
Stage k (Eq. 2) and lower than its starting time in Stage k +
1 (Eq. 3), where the 4-index binary variables N,A,,v,,,,,, assign
the execution of a combined task to a unit m and also to a
time point 7. Note that these are big-M constraints.

TD;x > Ty m + Z %imNijme —H| 1= Z Z Nijmy

'€l reT i'ely,

. o
€t e 0=t i€y, g

Vke K,m e My,i €yt €T, k#|K| (2)

D1 STom+H| 1= > Niime

r'eT i'ely,

/<
rst ’ell/,/IL[/

Vke K,meMyi€ly,t €T, k#1 (3)

Location of event points

Formulation CGN is a unit-specific, event-based approach
where one time grid is explicitly defined for each processing
unit (Figure 3), with the timing variables 7,,, holding the
absolute time of event point ¢ of the time grid linked to unit
m. When compared with CT41,19 it features one less event
point, the ending point of the last time interval, to better
illustrate the fact that relevant event points are only those
where tasks are started. The exact location of event points
varies from unit to unit.

Figure 4 gives an overview on how the formulation works
for a simple example comprising 4 products, 3 processing
units, and 2 stages. One important property is that each com-
bined task lasts a single time interval, that is, the required
number of event points on each machine is equal to the
number of products assigned to that machine. In this case,
there is a single unit (M3) allocated to the second stage, so
four event points (I71 = I/l) are enough to guarantee global
optimal solutions, as it was also noted by Liu and Karimi.?®
Although each task lasts one time interval, it does not neces-
sarily mean that when starting at ¢ they end exactly at event
point ¢ + 1. Note that task (/y,/5) in M ends well before the
second event point, whereas task (/;,/4) ends exactly at the
second event point of the time grid linked to M5. In general,
the difference in time between two consecutive event points
must be greater than the duration of the combined task being
executed. This is ensured by Eq. 4 or by Eq. 5 whenever
minimizing makespan. Note that MS is the variable defining
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Figure 2. RTN representation of the process illustrating important features of model CGN.

the makespan, which replaces the time horizon (H) on the
second term on the LHS when compared with Eq. 4. Never-
theless, recall that material transfer can occur immediately
after the end of the processing part of the task (Eq. 2), as it
is illustrated for /; (from M, to M3) and I, (from M, to M3).

Tt+1,m|f7§‘7‘| +H|,:m - Tt,m > Z Z [Ni,i’,m,t

i'el,, i€l

i'mit

X (O +Cligm)] VmeE MRt €T (4)

Tt+l,m|f7£‘7"| +MS|,:m - Tt,m > Z Z [Nz}i’,mx

I'€ly i€ly

X (ot + Cliym)] Vm € MR teT (5)

It is also important to emphasize that there is no direct
relation between event points belonging to time grids of dis-
similar units. Although highly unlikely due to timing con-
straints, it is perfectly possible for a particular product to
start at the last event point in Stage k and at the first event
point in Stage £ 4+ 1. To reduce solution degeneracy, tasks
will be assigned in sequence from the first to the last event
point. Although there are other possibilities for placing non-
zero time slots,”® placing them at the beginning of the grid
is highly advantageous for defining the objective of total
earliness minimization, see Eq. 6. By doing this, we know
a priori that the absolute times of all unused time slots
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belonging to last stage units will converge to their upper
bounds, H.

min Zdi — Z Z Tim + Z Z % mNi 7 s

iel t€T meM g, i'el, i€ly

" mit

—H[|I| = [M| - [T]]  (6)

This task placing strategy is also conducive to reduce the
domain of the binary variables (see Ref. 19 for a detailed ex-
planation). The lowest time at which product i can start to
be processed in unit m, 1b;,, is determined by Eq. 7. This is
then used to define the lower bound on the absolute time of
event point ¢ of unit m, Eq. 8, which can be viewed as
release date constraints for units belonging to the first stage.
An upper bound, ub;,, can also be calculated, Eq. 9, and
enforced, Eq. 10. The latter is only active when there is a
task starting at ¢ in unit m; otherwise it is relaxed to its
global upper bound, Eq. 11 (see also Figure 3). Equation 12

| Interval 1 Interval 2

I 2

. | nterval T-1 Ilrlt:i:r\.'alT|

T ,\f T T |
3 T T

1 Event points

[0, H

Figure 3. Underlying time grid for each equipment unit.
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first to the last event point.

defines set Iy ,,, which contains all products that can precede
i' in unit m. Equation 13 defines the earliest time at which
event point ¢ of unit m can become active,
Ibm,, ,(cl"“" =mincl;;,). Finally, all the information is
combined into ¢ definition of set I, (see Eq. 14) to gen-
erate the domain of binary variables NI,, mys Note that the
last time interval can only feature tasks with the same prod-
uct index simply because there are no more slots to process
any more tasks. In fact, the last task to be executed on a par-
ticular unit will feature a single product index, regardless of
being executed on the first or last time slot, as is illustrated
in Figure 4.

Ib; ;= 7 +ZZ mln oc,m/VlGImEM 7
keKmk eK - EM
Tim > Z Z Ni,i’,nz,tlbi.m Vm € MPth eT (8)

i'€ly ie[ﬂm,t

ub; y,, = min | d; — E E min oy — %m, dy
o m'eM '
kek,, k;/el( wem;
- § E min Ot m! — Oim Cli,i’,m - O‘i’,m|,‘¢[f

M

kEK,, kAf,eK "

Vi,i/ cl.meM;NMy

Tt7m § Z Z Ni,i’,mJUbLi’,m

el i€ly

= 4) with orders being assigned from the

Ii/,m,z‘ = {l S 1,‘/_],,, : ub,«y,vy,,, > lbm,,,,, N (l 7& |T| Vi= l,)}

ViielmeMyteT  (14)

Equipment cleaning states

Before a combined task can be executed in an equipment
unit, the unit must be at the corresponding cleaning state.
Cleaning states result from the disaggregation of equipment
unit resources, which do not need to be used (unlike in the
original formulation'® or in the SF model). This is the reason
why unit resources in Figure 2, which are typical resources
in RTN-based formulations, are circled by dash rather than
solid lines. Excess resource variables C;,,, are used to
account for cleaning states, with C?m defining the initial one.
For unit M, the several possible cleaning states are illus-
trated in Figure 5. Generally speaking, tasks (i,i’,m) will con-
sume state (i,ym) at the start and produce state (i’,m) at the
end so that a task (//,i",m) can immediately follow. The other
novelty in CGN is that tasks with a single product index will
not be regenerating the state they are consuming (e.g.,
I,_I,_M,), simply because there is no need while single
batch problems are being considered (Eq. 15). Note that in
the third term on the RHS of the excess resource balances
for cleaning states, the summation is for i # i (Eq. 16).
This modeling option, which is known to be a powerful con-
straint in RTN-based formulations, enables the setting up to
zero of all excess state variables (see Eq. 17), and will force
without using additional constraints such as in Castro et al.'’
and Liu and Karimi®%: (i) tasks to be allocated from the first
to the last time interval; (ii) the last active task to have a
single product index. A particular unit will normally start at
a certain state unless there are no tasks allocated to it

AH{1=>">" Nigwi | VmeM™® 1T (10)  (Eq. 18).
i'ely i€ly ,,
>N > Nume=1VielLkek (15)
Tyw <H= I’Iééllxd VmeM™® teT (11) (€T meM, i€,
iel, €l
Liw = {i € Ly - uby n>1b,} Vi € I,m € My A2 Cimi =l + Cimitlosr + > Noimi
'€l -1
) il i
Torn, = min by, + I}ll:"l(&(,-m Felminy L (r— 1) > N ViclmeM,teT (16)
vmeM®RreT  (13) .

AIChE Journal August 2009 Vol. 55, No. 8 Published on behalf of the AIChE DOI 10.1002/aic 2127



M l1_ly_My Iz_li_M,4 J
o Duration=a; 4 Duration=u3 1+¢lz 1 1
not for CGN
hh_lz_My Iz_la_M,
Duration=aty s4clq 2.4 , Duration=aiz 4 -‘
not for OGN
SR Ta_li_My T li_My
Duration=cty 1#¢lq | 1 Duration=qg y+Cla | 4

-

1i_l_My
Duration=ay s+l 11

1i_lz_My
Duration=ay s+l 2 1

"
1, My

ll_ll_M'|
Duration=q, 4

not for OGN

Figure 5. Part of the RTN representation for unit M; showing all possible cleaning states.
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Other constraints

For completeness, the remaining sets of constraints for
formulation CGN are given next. Total cost minimization is
achieved by Eq. 19, while for makespan minimization,
Eq. 20 is used instead. The remaining four sets (Eqs. 21-24)
are not mandatory but were found" to improve the model
performance, where Eqs. 23 and 24 are to be used solely for
the objective of makespan minimization.
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New Multiple Time Grid Approach (CN)

The new unit-specific continuous-time approach shares
some features with CGN and with the model recently pro-
posed by Castro and Novais.** Like in CGN, 4-index binary
variables N i#.ms are used to account for the combined proc-
essing and changeover tasks, but now their domain (I ,,,) is
larger simply because it can no longer be assumed that all
time slots, up to the last active task on a particular unit, will
be occupied (compare Eq. 25 with Eq. 14). This stems from
the need to have mass balances on the product material
states to handle multiple batch problems, which forces the
establishment of a relationship among event points of dis-
similar time grids, along the one proposed by Castro and
Novais.”* As a consequence, the number of event points
needed to find the global optimal solution in single batch
problems is normally larger for CN and also for SF when
compared with CGN 2

L ={i€l,  t£|T|Vi=iVi el,meMyteT (25)

Material and equipment states

In the new formulation, CN, like in SF (and contrary to
CGN), material states are handled explicitly through the use
of excess variables S;,,,. It is assumed that states resulting
from a particular stage exist in a virtual shared intermediate
storage unit m € MST. In other words, there is a 1:1 corre-
spondence between stages and storage units. This is illus-
trated in Figure 6, where storage units are numbered in
sequence to the processing units, M = MR | M5T. As an
example, state (/1,K;) exists in the first storage unit Mysex .
Storage units are highlighted by dotted circles to emphasize
that they are not treated in the same way as processing units.
The availability of the latter has to be accounted because
they can be consumed and produced over time. Processing
units are highlighted by dash circles to emphasize that they
are disaggregated into their relevant cleaning states, as
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Figure 6. RTN representation of the process illustrating important features of model CN.

illustrated in Figure 5. Now, contrary to CGN, consecutive
batches of a product may need to be processed in a particu-
lar unit, so combined tasks with a single product index must
regenerate the state they consume. As a result, the con-
straints involving the excess variables C;,, and C?m are
slightly modified. In general, model CN uses Egs. 26-28
rather than Eqgs. 16-18, even though for single batch prob-

lems Eq. 16 is preferred over Eq. 26.

0 _
Cims = Cimlir + Cima-tlp + E Ny imi—

il Elimi-1

=Y Nigme Vi€l meM,teT (26)

i'ely,

€t

Cime<1VielmeM;,teT 27

> e, =1YmeM™ (28)

i€l

The excess resource balance constraints for material states
are given in Eq. 29. It can be seen that the availability of
material state m of product i at event point ¢ increases by the
amount generated by tasks executed in processing units m’
belonging to the same stage (m' € M) and decreases by
those executed in units m” belonging to the next stage (m” €
Mffl), given by variable ¢;,,. The starting event point for
such tasks is that of the constraint domain, unlike in SF,
where the relevant event point for tasks consuming the mate-
rial state under consideration is r — 1.'*?* It is assumed that
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the amount processed by the task is equal to the amount of
material consumed, whereas the yield associated to the
amount produced can be accounted through parameter v; .

Simi = Simi—1+ E Vi Eim s
meM©
il
Vi ST
- 6i.m”,t lGLmEM 7t€T

m"eM
i€l

(29)

Location of event points

The CN formulation is a unit-specific approach that uses
one time grid for each equipment unit, like the one shown in
Figure 3, not only for processing units, as in CGN, but also
for the intermediate storage units. Timing variables T, ,, hold
the absolute time of event point ¢ in unit m. Figure 7 gives
an overview on how the formulation works for a simple
two-stage problem and shows the relationship between the
time grids of the intermediate storage unit and the processing
units located before and after it (Il = 6, M™%l = 6, IM®T| =
1, IKl = 2, ITl = 2). Each combined task requires a single
event point, with its starting time defining its exact location.
Identically to CGN, two consecutive event points are spaced
apart by an amount of time at least equal to the duration of
the task taking place. Equations 30-31 differ from Eqs. 4
and 5 simply in the last term on the RHS, which accounts
for batch size-dependent extents. The novelty results from
the direct relation that is assumed between event point ¢
from a particular storage unit, and event point ¢ from proc-
essing units sending to and receiving material from it.
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Figure 7. Overview of formulation CN for a simple two-
stage problem.
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It is clear that material transfer must be allowed to occur
immediately after the end of the processing part of the task.
The task finishing last of all those starting at event point ¢ in
same-stage units, will set the time of event point 7 belonging
to the grid of the corresponding storage unit. In Figure 7, it
is the ending time of task (/y,/5), starting at + = 1 in M, that
is equal to T, ; (absolute time of the first event point of stor-
age unit M-). On the other hand, the second event point is
set by task (/s,/s) in M,. Naturally, CN allows for task (/5,/5)
in Mg to start immediately after the end of task (/,/5) in M.
Likewise, for task (/4,/5s) in Ms. However, such option would
lead to an increase in the number of event points required
and tasks (/;,/3) in M, and (/4,l4) in M5 would have to start
no earlier than the second event point, even though they
could start at exactly the same absolute time. The general
constraint is given in Eq. 32 and does not involve big-M
terms.

Tt7m’ > Tr,m + Z Z O‘i.,mﬁi,i'.m,z‘ + Z Bi,mii,m#t

i'ely i€ly ,, i€l,

v e ST me MR me M, te T (32)

It is not only the highest ending processing time of units
sending material to storage that is contributing to set the
event point location of the storage unit but also the lowest
starting time of units receiving material from storage. This is
ensured by a simple set of constraints, also involving only
three indices, see Eq. 33. In terms of the first event point,
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note in Figure 7 that T1?7 = T1’4 = T1,69 while task (16’15)
starts in M5 at a later time.

Tie < T ¥ € MST me M meM™ teT  (33)

It is important to clarify at this point that unit M5 in Fig-
ure 7, is virtual, like generally all predefined intermediate
storage units. Recall that unlimited, dedicated intermediate
storage is assumed, which can be translated into the assump-
tion of as many intermediate tanks as the number of prod-
ucts, all with unlimited capacity. Thus, we are not concerned
with the number of products that are stored simultaneously
in M-, which is translated in the observation that /, and /g
are stored together before being transferred to Stage 2 (see
Figure 7). Neither are we with the time at which storage
tasks need to be performed.

The other set of constraints (Eq. 34) involving the timing
variables is not mandatory, but makes the model more effi-
cient for makespan minimization. It is significantly more
complex than Eq. 23 because we need to account for the con-
tribution of the batch size-dependent term on the task dura-
tion. Note that we cannot simply add the minimum values of
pim of units belonging to subsequent stages, because the total
amount processed may be split among existing parallel units.
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Other constraints

The CN model is completed with the constraints next
described. For the objectives of total cost, makespan, or total
earliness minimization, Eqs. 19, 20, and 6, respectively, can
be used. For the multiple product batches problems, the
objective of revenue maximization is accounted for by
Eq. 35. Equation 36 ensures that the continuous extent varia-
bles are zero whenever the binary extent variables are zero
and that the total amount processed does not exceed V**,
the maximum capacity of the processing unit. Finally,
Eq. 37 guarantees that all product demands are met.

max Z Z Z Vit Vim - éi,m,t 35)

mEM‘K‘ i€l, teT

Cime SV Nigmy Im e M™ i€yt €T (36)
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Table 1. Single Batch Problems: Overview of Computational Performance (CPU) for Total Cost Minimization

Problem/Model Optimum CGN CN SF
P7C (I = 8, IM™®| = 6, IKI = 2) 18 1.44 3.36 57.9
P8C (IIl = 8, IM™®| = 6, IKI = 2) 1,087 1.17 4.76 497
PIC (Il = 8, IM™®| = 6, IKI = 3) 82 4,868 1,149 60,000%
P10C (Il = 8, IM™RI = 6, IKI = 3) 647 17.5 1,621° 7,172%
PLIC (Il = 12, IM™R| = 6, IKI = 2) 71 39.1 6,745 15,322
P12C (Il = 8, IM™R| = 8, IKI = 4) 125 60,000 1,495% 5,183
PI13C (Il = 15, IM™R| = 4, IKl = 2) 96 1,939 631 22,151

BPS, best possible solution at the time of termination; MRL, maximum resource limit exceeded; NS, no solution found; SO, suboptimal solution returned; OM,

out of memory.

*MRL, BPS = 81.

SO = 649.

SO = 649.

SMRL, NS, BPS = 122.3.
950 = 129.

##50 = 126.

Computational Studies

The performance of the three alternative formulations is
now evaluated. It is important to note, at this point, that this
study also included another formulation based on 3-index bi-
nary variables, which used the same material transfer con-
cept of CN, but not an explicit modeling of equipment
cleaning states like SF. However, the results showed this
other formulation to be inferior in performance to CN and so
it was not included in this article.

Most MILP models were implemented and solved in
GAMS 22.5, using the CPLEX 10.2 solver on a Pentium-4
3.4 GHz processor, with 2 GB of RAM and running Win-
dows XP Professional. The instances from PMB3, on the
other hand, were solved in GAMS 22.8 (CPLEX 11.1) on an
Intel Core2 Duo T9300 processor running at 2.5 GHz, with
4 GB of RAM and running Windows Vista Enterprise. All
problems were solved to optimality (1E-6 relative tolerance)
unless stated otherwise.

Single batch problems

The first set of problems includes single batch problems
and is taken from the literature.'® The seven example prob-
lems (P7-P13) have been thoroughly analyzed by multiple
time-grid and sequencing-based continuous-time formula-
tions, discrete-time, and constraint programming models.
Their complexity ranges from 8 products in 6 units and 2
stages, to 15 products in 4 units and 2 stages, and further to
8 products in 8 units in 4 stages. Because the optimal solu-
tions are known for the minimization of three alternative
objective functions (C: total cost; M: makespan; E: total ear-
liness), such problems provide a good testing environment.
For comparative purposes, we have kept the original num-
bering and nomenclature.

Table 1 lists the results for total cost minimization, where
the best formulation for a particular example problem is
identified in bold. It can be seen that the CGN formulation
was the best performer in four of the seven problems and
the best one overall. It could find the optimal solution for all
problems except P12C for which not even a feasible solution
could be found after 60,000 CPUs. Note that this is the only
4-stage problem, so the failure is probably caused by the
larger number of timing constraints that are required to
determine the products transfer times (Eqs. 2 and 3). These
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results are consistent with those reported by Castro et al.’
for formulation CT4I. The conceptually new model CN was
better than CGN for P9C, P12C, and P13C, but was unable
to find the optimal solution both for P10C and P12C. This is
caused by the use of an insufficient number of event points.
The model by SF'? was the worst overall performer but it
did manage to find the solution 126, the best of the group,
for P12C.

We know from Castro and Novais** that in terms of the
number of event points to find the global optimal solution,
we have by definition |Tlcgny < ITlcny and most of the times
[Tlen < ITlgg. The absolute difference is typically of one or
two event points but, in the case of SF, it also depends on
the number of stages. Thus, it was unexpected to find that,
while CGN solved P10C with 5 event points, CN returned a
suboptimal solution (649) from I71 = 5 up to 9 event points
(for the upper bound, up to a maximum resource limit of
8000 CPUs), whereas SF returned 652 for |7l = 6 and 649
for ITI = 7. However, when the optimal solution in Figure 8
is considered, it is realized that a significant larger number
of event points will be required by CN. This is because there
are products allocated in Stage k to an event point of a lower
index than the one where they are allocated in Stage &k — 1,
a situation that is not possible in model CN. This occurs for
all except Product 3.

M1 2 B 1 B
50 200 345 801
M2 3 7 4 5
0 188 o 2 1 Ftage 1
Stage 2 :
M3 1| 4 5 |
Al [1s| 885
ms sl 2 7 1fs] [s]
| 151 £ 453 E04 T84
Stage 3 |
M5 3 1 &
R W a5
Ma 2 T 8 4 5
T 02 25 881 1010
] 200 400 600 800 1000
Time

Figure 8. Optimal solution for P10C showing event
point location for model CGN.
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Table 2. Single Batch Problems: Overview of Computational
Performance (CPU) for Makespan Minimization

Problem/Model Optimum CGN CN SF
P7M 542 18.5 60,000% 3,042
P8M 584 7.02 3,001 228
POM 915 232 351 2,490
P10M 914 25.7 389 975
P1IM 233 11,023 60,000 60,000*
PI12M 265 8,649 4,380" 22,845
P13M 273 41,966 46,0987 60,000%*

*MRL, BPS = 503.8.
"MRL, SO = 237, BPS = 226.5.
*MRL, SO = 248, BPS = 181.
8SO = 268.

950 = 282.

#*MRL, SO = 305, BPS = 225.4.

The results for makespan minimization, given in Table 2,
are somewhat different. There is now a single best performer,
CGN, which is able to find the global optimal solutions for
all problems and also prove optimality within the maximum
resource limit. In fact, it is now significantly better than its
predecessor, CT4I,19 which could not find optimal solutions
for P11M and P13M within 60,000 CPUs (CPLEX 9.1 on the
same hardware). This performance can be explained by the
substantial reduction observed in the integrality gap (Table
3), which is even more pronounced for earliness minimiza-
tion. This is mostly due to the elimination of the output link
from single product tasks and the resulting model simplifica-
tions, and not due to the use of time grids with one less event
point. The values in Table 3 were calculated using Eq. 38,
where RMIP stands for the optimal solution of the relaxed
linear programming problem (LP). In terms of the compari-
son between CN and SF, one realizes that SF is faster in the
less complex problems P7M-P8M, by at least one order of
magnitude, and can find the optimal solution for P12M unlike
CN, which is a better option for the rest.

RMIPCON — RMIPCT
MILP — RMIPC™

x 100 (38)

It is also interesting to compare the size of the mathemati-
cal problems. Recall that CGN and CN use the same set of
4-index binary variables, so it is expected that the total num-
ber of binary variables is about the same, whenever the two
employ an equal number of event points. This can be seen
in Table 4 for P11M and P13M, where the slightly higher
number for CN in the former, derives from a larger domain.
On the other hand, SF uses 3-index binary variables, so it is
no surprise that the total number of binary variables is sig-

Table 3. Reduction in Integrality Gap (%) from
Formulation CT4I" to CGN

Problem/Objective Cost Makespan Earliness
P7 - 19 100
P8 50 0 100
P9 0 57 98
P10 30 47 83
P11 0 44 87
P12 1.7 34 100
P13 - 54 78

nificantly lower than for its counterparts. The drawback is
that it requires a substantial larger number of constraints,
mostly from the need to relate starting times of different
tasks'*/products®® in the same unit. Note that a total of
25,136 constraints are required for the 15-product problem
(P13M), a value that exceeds those for CGN and CN by a
factor of 20. The new approach, CN, relates the time grids
of dissimilar units directly, so it is no surprise that it is the
formulation requiring the fewest constraints. Nevertheless, it
does need more variables than CGN to ensure a proper ma-
terial transfer between consecutive stages of production
(S;m. together with the timing variables of storage units 7,
m € M5, are used instead of TD,; ;).

Table 5 lists the results for total earliness minimization. It
is clear that this is the easiest objective function to tackle
with CGN, since all problems are solved in less than 6 min.
When compared with formulation CT4I,19 we achieve
roughly a one order of magnitude decrease in computational
effort, which can be explained by a major reduction in inte-
grality gap, of more than 90% on average, see Table 3. As a
result, the solution obtained for P13E and ITl = 8 could be
confirmed for |71 = 9, still in a reasonable time (463 CPUs),
virtually confirming that it is the global optimal solution.
The performance of CN is also very good and it is indeed
the fastest for POE, P10E, and P13E. However, there is a se-
rious limitation in the use of Eq. 6 as the objective function.
This is because the new formulation cannot ensure that there
are no idle slots between intervals occupied by processing
tasks and so it may not be possible to make the starting
times of idle slots belonging to last stage units, equal to the
time horizon (see Ref. 24 for further details). As a conse-
quence, suboptimal solutions (e.g., PSE, P11E, and P12E)
cannot be improved by further increasing the number of
event points. Model CN can be made completely general for
earliness minimization by using similar constraints to those
employed by SF,** but such big-M constraints severely com-
promise model performance as it can be seen for the latter.

Table 4. Number of Event Points and Model Entities Used by the Different Formulations for Makespan Minimization

Entity Event Points (I71) Discrete Variables Single Variables Constraints
Problem/Model CGN CN SF CGN CN SF CGN CN SF CGN CN SF

P7TM 3 4 4 719 1148 165 934 1444 340 400 362 1442
P8M 3 4 4 589 932 165 804 1228 340 412 362 1484
POM 4 5 6 994 1462 220 1265 1859 502 606 500 2464
P10M 4 5 6 906 1226 220 1177 1623 502 606 500 2516
P1IM 5 5 5 3386 3448 318 3861 3976 668 906 600 5845
P12M 4 5 7 1453 1976 312 1830 2536 738 880 700 3673
P13M 8 8 9 6360 6360 516 6948 7061 1133 1167 794 25136
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Table 5. Single Batch Problems: Overview of Computational
Performance (CPU) for Total Earliness Minimization

Problem/Model Optimum CGN CN SF

P7E 88 0.22 1.22 449
P8E 90 0.17 26.8% 1,291
P9E 217 5.72 1.72 269
PI0OE 99 1.72 0.66 189
PI1E 209 29.6 237" 60,000*
PI2E 150 344 160% 16,7647
PI3E 571 234 186 60,0007

#S0 = 93.

SO = 211.

*MRL, SO = 275, BPS = 0.

Y50 = 151.

*#*MRL, SO = 730, BPS = 0.

Since the suboptimal solutions returned by CN are within
5% of the global optimal ones, we preferred to keep it fast
and less general.

Before closing this single batch section, it is important to
stress out that there are other types of approaches that can be
significantly more efficient than the tested unit-specific
approaches. In particular, a general precedence, sequencing
variable-based continuous-time model,'* was able to solve all
total cost minimization problems to global optimality except
P10C, for which it ran out of memory after 3.3 h, in a mere

DO_I'|_M|
Dur.=1.333+0.01333«5izey, m,

6 s." It is however not as good as CGN for makespan and
total earliness minimization. For makespan minimization,
constraint programming remains the best approach, which
was able to solve all problems in roughly 1 h or less."”

Multiple batch problems

So far, the discussion has been centered on CGN mainly
for two reasons. First, because the improvements have been
very significant; second, because the other two models were,
with a few exceptions, simply not as good. For multiple
batch problems, CGN and sequence-based models are no
longer applicable and we are left with the new approach,
CN, and SF'?* model.

Multistage scheduling problems featuring multiple product
batches, tasks with duration dependent on the amount of ma-
terial being handled and sequence-dependent changeovers,
cannot be found in the literature to the best of our knowl-
edge. Two of the three example problems considered in this
section were generated using a three-stage, single product
problem as a basis (example 1 of Refs. 12 and 16). Problems
PMB1 and PMB2 have 2 and 3 products, respectively, and
their processing data can be found in Figure 9. The product
values are v; = 5, v;, = 6, and v;, = 4 $/ton, whereas the
sequence-dependent changeovers are given in Table 6. Prob-
lem PMB3 involves 5 products, 4 units, and 2 stages with
mostly randomly generated data (Tables 7 and 8). The
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Figure 9. RTN for multiple batch problems (duration in hours, size in ton).
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Table 6. Sequence-Dependent Changeovers (h) for Problems PMB1-2

M\/M, M; M4/Ms
Unit Product I, I, I3 1, I, I3 I, I, I
1, - 0.25 0.15 - 0.167 0.15 - 0.167 0.15
I, 0.333 - 0.25 0.25 - 0.167 0.25 - 0.167
I 0.333 0.15 - 0.25 0.15 - 0.25 0.167 -
Table 7. Problem Data for PMB3
M, M, M; M,
o (h) f (h/ton) o (h) B (h/ton) o (h) B (h/ton) o (h) B (h/ton)
I, 0.8 0.016 0.8 0.019 0.653 0.015 0.653 0.013
I, 0.832 0.017 0.832 0.02 1.468 0.039 1.468 0.029
Iz 1.31 0.026 1.31 0.034 0.74 0.017 0.74 0.015
n 1.426 0.029 1.426 0.038 1.269 0.033 1.269 0.025
Is 0.674 0.013 0.674 0.015 1.134 0.029 1.134 0.023
Max_Size (ton) 100 150 200 150
values are v, = 4.4, v;, = 6.9, v;, = 6.2, v; = 8.1, v;, =

Table 8. Sequence-Dependent Changeovers (h) for PMB3

M /My
Unit Product I I, I3 1 Is
1, - 0.246 0.299 0.163 0.159
I, 0.126 - 0.156 0.270 0.121
18 0.068 0.071 - 0.226 0.097
n 0.254 0.14 0.214 - 0.101
Is 0.049 0.26 0.015 0.248 -

5.4 $/ton.

Two objective functions are considered, revenue maximi-
zation and makespan minimization. For the former objective,
PMB1-2 are solved for two alternative scenarios in terms of
minimum product demand (4;), with higher values requiring
a longer time horizon (H), the production of more batches
and the use of a larger number of event points.

Table 9 lists the results for revenue maximization. Each
problem has been solved for consecutive values of |71 as part
of the standard search procedure to find the global optimal

Table 9. Computational Results for Multiple Batch Problems for Revenue Maximization

Problem Model IT1 Discrete Variables Single Variables Constraints RMIP ($) MIP ($) CPU
PMBI1 (H = 12; A; = 200) CN 3 50 154 113 3,400 3,200 0.28
SF 5 55 136 161 3,400 3,200 0.17
CN 4 70 205 148 4145.78  3382.32 1.69
SF 6 70 175 228 4,600 3382.32 2.39
CN 5 90 256 183 4501.94  3382.32 21.2
SF 7 85 214 305 5066.53  3382.32 38.2
PMBI1 (H = 16; A; = 350) CN 5 90 256 183 5523.57 5002.63 0.84
SF 7 85 214 305 5,650 5002.63 3.19
CN 6 110 307 218 603145 5105.74 9.2
SF 8 100 253 392 6648.77  5105.74 157
CN 7 130 358 253 6299.07 5105.74 194
SF 9 115 292 489 6783.86 5105.74 16,364
PMB2 (H = 10; A; = 100) CN 3 105 250 150 3115.44  2462.87 1.77
SF 5 70 191 271 3,300 2462.87 0.98
CN 4 150 338 197 3553.04  2462.87 33.1
SF 6 90 247 414 4221.61  2462.87 52.1
PMB2 (H = 16; A; = 300) CN 6 240 514 291 5884.18  4985.29 85.2
SF 8 130 359 790 6,300 4985.29 407
CN 7 285 602 338 6183.66 4985.29 1,858
SF 9 150 415 1023 6738.65 4985.29 45318
PMB3 (H = 24; A; = 100, 300, 150, 100, 100) CN 4 320 541 222 6,815 6,680 3.76
SF 5 100 286 765 6,815 6702.7 6.69
CN 5 420 691 275 8491.3 8,020 46.1
SF 6 124 355 1154 8,840 8,076 439
CN 6 520 841 328 9,006 8378.7 1,846
SF 7 148 424 1623 9922.6 8346.5 31,008*
CN 7 620 991 381 9307.9 8463.4 16,3587

f:OM, BPS = 9511.
OM, BPS = 8692.
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Figure 10. Best found solution for PMB3 for revenue
maximization.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

solution. For problems PMBI1-2, we found a relation
between the number of event points required to find a partic-
ular solution by the new approach, CN, and that of SF,12
ITlsg = ITlen + 1K1 — 15 so the results are grouped according
to this formula to facilitate the comparison. SF was able to
find slightly better solutions for PMB3 (IKl = 2), for ITlsg =
5, 6 (than CN for ITlcyy = 4, 5). However, because of the
more pronounced increase in computational effort, the results
could not be confirmed for |Tlsg = 7, with the solver running
out of memory. The same thing happened for ITlcy = 7 but
a significantly better solution was returned. It has $8463.3
revenue and the corresponding schedule is given in Figure 10
together with the location and exact timing of the event
points. Nevertheless, it remains to be confirmed if this is in
fact the optimal solution to this problem. Overall, CN is
tighter than SF, with the increase in integrality gap along the
number of event points, being less pronounced. The number
of binary variables is more or less the same for the two-
product example (PMBI1) but becomes significantly lower
for SF as the number of products increases.

For makespan minimization, the differences in perform-
ance for PMBI1-2 become more evident. From the results in

Table 10, one can see that CN is two orders of magnitude
faster in PMB1, which is not a complete surprise since for
71 = 10 the integrality gap is three times smaller than
the one resulting from SF for |71 = 12. As a consequence,
the new formulation could confirm that 29.859 is in fact the
global optimal solution, unlike SF. The differences in inte-
grality gap and performance between CN and SF are also
important but less significant for PMB2, which is probably
caused by the lower value of |71 that is required. Note that
PMB2 despite being a 3-product problem has a lower total
demand (900 = 300 x 3) than PMB1 (2000 = 1000 x 2).
For this problem, the worse performance of SF has a greater
impact, since the optimal solution (given in Figure 11) can-
not be found up to 16 h of computational time. Opposite
results have been found for PMB3, for which SF proves
optimality in one-third of the time required for CN using the
exact same number of event points, i.e., 5.

Remarks

Time grid-based models, like the ones described in this ar-
ticle, have the drawback of requiring an iterative procedure
to find the (global) optimal solution. The mathematical prob-
lems typically have to be solved for a few consecutive val-
ues of I7T1 (number of event points of the grid) until no
improvement is observed in the objective function or they
become too difficult to solve. In this respect, sequence-based
models are a better option since they have to be solved only
once. However, those relying on general precedence models
are not general in the presence of sequence-dependent
changeovers because the optimal solution may be cutoff
from the feasible space.'®”’ The same applies to models
based on constraint programming.

As seen in the previous section, a single increase in |71
has a large impact on computational effort. The practical
upper bound on the number of event points naturally
depends on the characteristics of the problem. For a given
set of products, units, and stages, the simplest case is
obtained for fixed assignments product/unit, where we only
need to be concerned with product sequencing. Then, one
has problems involving a single batch of every product, and
the most complex scenario results from multiple product
batches. Thus, the upper bound on |71 will typically decrease

Table 10. Computational Results for Multiple Batch Problems for Makespan Minimization

Problem Model ITI  Discrete Variables  Single Variables  Constraints RMIP (h)  MIP (h) CPU
PMBI1 (A; = 1000) CN 10 190 511 407 29.04 30.366 3.39
SF 12 160 409 839 26.241 30.366 203
CN 11 210 562 447 27.336 29.859 70.6
SF 13 175 448 976 26.223 29.859 14,730%*
CN 12 230 613 487 26.846 29.859 7,180
PMB2 (A; = 300) CN 6 240 514 320 11.917 15.104 207
SF 8 130 359 789 10.781 15.104 1,785
CN 7 285 602 372 11.571 15.104 2,314
SF 9 150 415 1,022 10.781 15314 60,000
PMBS3 (A; = 100, 300, 150, 100, 100) CN 3 220 391 180 15.137 17.547 0.46
SF 4 76 217 455 11.958 17.261 0.56
CN 4 320 541 237 13.474 16.068 88.4
SF 5 100 286 764 11.956 15.955 978
CN 5 420 691 294 12.910 15.955 3,031
*Solver terminated with an error, BPS = 26.76.
"MRL, BPS = 12.28.
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Figure 11. Optimal schedule for PMB2 for makespan
minimization.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

as the complexity increases. In practice, current software and
hardware capabilities will prevent us from going beyond 20
event points, sometimes not even close to this value. Natu-
rally, this means that the capabilities of available continu-
ous-time models are still far from those required by most
medium or large-scale industrial problems. This when used
as standalone approaches, for the solution of the full prob-
lem, the alternative is to use them as the basis of efficient
decomposition methods, which has already been done by
Janak et al.,”’ for a conceptually similar model to SF.

Finally, it is straightforward to adapt the proposed models
to the use of a unit-dependent |71 value. This has obvious
advantages for model CGN, which requires a number of event
points per unit equal to the number of assigned products, in
sequencing problems. The need for the iterative procedure is
thus avoided. For the other models it may not be such an easy
task. In problems involving assignments, this situation may
also be desirable wherever the number of processing units
available in each stage is significantly unbalanced (e.g., 1 unit
in Stage 1, and 5 units in Stage 2). Nevertheless, this is beyond
the scope of this work because there is no systematic proce-
dure to select the proper number of event points for each unit
under any circumstance. In particular, the objective function
also plays an important role, as we have seen in this work.

Conclusions

This article looked into the optimal short-term scheduling
of multistage, multiproduct batch plants with sequence-
dependent changeovers in cases involving multiple product
batches. A new multiple time-grid continuous-time formula-
tion has been proposed that relies on shared intermediate
storage units, one virtual unit per stage, to ensure that mate-
rial transfer between consecutive stages is done correctly,
both in terms of time and quantity. Relevant constraints
relate the absolute time of event points belonging to dissimi-
lar time grids. This novel approach is different from the one
in the well-known, unit-specific, multipurpose formulation of
Floudas and coworkers,c”lo’12 where timing constraints relate
the starting times of different tasks. In the new approach, 4-
index binary variables are used to identify the execution of a
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combined processing and changeover task in a particular
unit and on a certain event point. As a consequence, simple,
aggregated tight constraints are obtained, whereas in the 3-
index binary variable model of SE,'? a large number of con-
straints need to be used, some of the big-M type. In other
words, with the new model, the complexity is changed from
the constraint to the binary variables level. The results from
a set of 10 example problems, for alternative objective func-
tions and different production scenarios, have shown that the
new approach is significantly more efficient overall.

In problems involving a single batch per product, other
approaches can be used as well. In this article, the closely
related 4-index binary variable, multiple time-grid formula-
tion of Castro et al.'” has been reformulated to make it more
efficient. One important adjustment concerns the use of one
less event point per time grid. However, the major impact
originates from the definition of combined processing and
changeover tasks. Although combined tasks with different
product indices remain unchanged, those with the same
product index no longer regenerate the corresponding equip-
ment state to prevent other tasks from being executed in that
same equipment resource afterward. As it is possible to allo-
cate tasks to time intervals in sequence, from first to last, all
excess resource variables linked to equipment cleaning states
can consequently be set to zero without compromising gen-
erality. The results have shown a major reduction in integral-
ity gap, up to 100% for total earliness minimization, and a
significant reduction in computational effort. The results
have also shown that such approach is on average much bet-
ter than the two multiple batch formulations considered.
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